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1. Introduction of the Extended Chiral Quark Model 

The purpose of this paper is to analyze the physics of low-lying scalar, pseu- 
doscalar, vector and axial-vector mesons in the framework of the Extended Chiral 
Quark Model (ECQM) which was introduced in |]l|. We shall see that this model 
of low-energy QCD is sufficiently general and robust to allow for a good description 
of the vector and axial-vector channels when the model introduced in |l[] is suitably 
modified to make room for spin 1 resonances. On the other hand, the addition of 
vector and axial-vector resonances constraints the parameters of ECQM substan- 
tially if experimental data are to be fit consistently. Special emphasis is put on the 
axial pion-quark coupling constant qa whose value happens to be crucial to obtain 
phenomenologically acceptable values of meson masses and coupling constants. This 
effective coupling was taken as a free input in the first version of the ECQM. 

In a sense the ECQM lagrangian Cecqm systematically extends both the Chiral 
Quark (CQM) g and Nambu-Jona-Lasinio (NJL) models g (see reviews 0-10 



and references therein) and is based on the non-linear realization of chiral symmetry^ . 
Its inspiration is drawn from Wilson's renormalization-group ideas as well as the 
general principles of locality and gauge and chiral symmetry. The basic idea is to 
use the degrees of freedom which are relevant at each energy scale. It is therefore 
built in terms of colored current quark fields gi(x), qi{x) with momenta restricted to 
be below the chiral symmetry breaking (CSB) scale Kcsb ~ 1-3 GeV, and colorless 
chiral fields U{x) = exp (z7r(a;)/Fo) which are SU{Nf) matrices with generators vr = 
7r"T", a = 1, ..., Np — 1, and which, naturally, only appear below Acsb- The quarks 
can be then endowed with a relatively large 'constituent' mass without manifestly 
breaking chiral symmetry. The information on modes with frequencies larger than 
Acsb is contained in the coefficients of the effective lagrangian, and used as boundary 
conditions (at scale Aqsb) of the renormalization-group equations. In addition, some 
residual gluon interactions remain below Aqsb- These residual gluon interactions 
(much diminished after the explicit inclusion of pions and other resonances) make 
the model still confining and thus provide the two point functions with the correct 
analytic structure. After a further integration of the heavy 'constituent' quarks one 
is left with an effective lagrangian written in terms of purely physical degrees of 
freedom. In this lagrangian the net effect of the residual gluon interactions is to 
contribute to the actual value of the coefficients. In fact, they do so by an amount 
that, while important, should not be the dominant one. 

As in the previous paper we shall restrict ourselves to the case Np = 2. We add 
also external vector,V^(x), axial- vector, A^(x), scalar, S{x) and pseudoscalar, P{x) 
sources in order to compute the correlators of corresponding quark currents and to 
analyze meson properties. These external fields are induced by a minimal coupling 



^ There exist also extensions based on linear realization of chiral symmetry 1 11, n2, 13 



in the QCD Dirac operator (in Euclidean notations) 

b = i^^{d^ + V^ + 75^4^) + i{S + 275^), (1.1) 

where {S) = ruq, the diagonal matrix of current quark masses. 

The low-energy effective lagrangian Cecqm must be invariant under simultane- 
ous left and right SU{2) rotations, VLr{x), VLi{x)^ of quark, chiral and external fields 

u -^ nRunl, ql = -(1 + 75)g -^ ^lql, qR = ^i^- ib)q -^ ^rqr, 

M = S + iP ^VIrMViI. (1.2) 

It is convenient to introduce the 'rotated', 'dressed' or 'constituent' quark fields [0 

QL = iqL, QR = eqR, e = u, (1.3) 

which transform nonlinearly under SUl{2) SUr{2) but identically for left and right 
quark components 

e -^ h^^Qt = ^R^K' Ql,r ^ hQL,R. (1.4) 

Changing to the 'dressed' basis implies the following replacements in the external 
vector, axial, scalar and pseudoscalar sources 



M ^ M= ^^M^l (1.5) 

Under SU{2)l ® SU{2)r transformations 

v^ — * h^v^h^ + h^d^h^, a^ -^ h^^a^h^, M -^ h^Mh^. (1.6) 

In these variables the relevant part of ECQM action consists of three parts 

C-ECQM = C,ch + C-M + C,veci (1-7) 

where Cch accumulates the interaction of chiral fields and quarks in the chiral limit 
in the presence of vector and axial- vector external fields. Cm extends the description 
for external scalar and pseudoscalar fields and, in particular, for massive quarks and, 
finally, C^ec contains operators generating meson states in vector and axial-vector 
channels. 



More specifically 



H,h = CQ + iQ{]/) + Mo) Q + i^Qa^a^Q 



A2 



+ ^^ {QlQr + QrQl? - ^^ {-QltQr + g/jfgL)', 



where 



^=^+ ^-75^^^,. (1.9) 

with the axial coupling ^^ = 1 — 5gA in the notations of |]l[ . The effective coefficients 
appearing in the above expression contain contributions from modes above h^csB- 
The term Cq contains operators involving only chiral fields or external vector and 
axial- vector sources, such as for instance a term of the form 



/, 



2 

^tra^a^. (1.10) 



We call this and similar pieces 'bare' contributions to the chiral effective lagrangian 
because they will be renormalized after integration of the low modes of the quark (and 
gluon) fields. Their coupling constants at the scale Kcsb are expressible in terms 
of expectation values of the (high frequency) gluon field operators. The normalizing 
constant A is taken to be A-csb- 

As the global chiral symmetry holds under simultaneous transformations of cur- 
rent quark fields, chiral fields and external sources, the chiral invariance of the dif- 
ferent operators of the lagrangian is certainly provided in terms of constituent fields. 
Notice that the couplings of the four-fermion operators Gso,Gsi,GpQ and Gpi are 
in general different. 

The massive part Cm contains the following operators to the lowest relevant 
order 

Cm = ^{\ + e) [QrMQl + QlM^Qr) 

+i{\-e){QRM^QL + QLMQR 

-Ftr (^co [M + M^) + c^{M + M^)a,,a^ + cg [m^ + (-M^)')) , (1.11) 

where e and cq, C5, cg are real coupling constants. The couplings cq, C5, c% (which only 
depend on chiral fields and external sources) are yet another instance of what we 
have called 'bare' terms. The reader will notice that we have changed slightly our 
notation with respect to our previous work in [ff|. First the coefficients Cj are labeled 



in a way that remind us of the coefficients of the effective chiral lagrangian to which 
they eventually contribute. Second, the matrix Ai introduced here is actually .^^A^^^ 
in the notation of [^. The present notation considerably simplifies our formulae. 

Finally, the quark self-interactions in the vector and axial-vector channels, C^ec, 
is implemented by 
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where the notations L^i,,i?^i, stand for the strengths of fields L^,Rf^ respectively 
and, again, the couplings Gyo, Gyi, Gao and Gai are, in general, different. The term 
proportional to Cio is a 'bare' term. 

Altogether we have eight d = 6 four-fermion operators. Of those we shall only 
retain those that will be required in our subsequent analysis and those where a fair 
comparison with phenomenology is possible in the SU{2) case. In practice this means 
that we retain the operators corresponding to the couplings Gso, Gpi, Gyi, Gai which 
describe the phenomenology of / = 1 pseudoscalar, vector and axial-vector mesons. 
The iso-singlet scalar channel is essential in our analysis. 

We complete this section with a remark on the correspondence between our 

(see 



notations and those ones in a manifestly chiral-symmetric extended [|T0|, ^5, 
also 1^) NJL model with universal scalar, Gs 



G 



so 



G 



PI 



Ati^G, 



and vector, Gy coupling constants: 
Gvi = Gai = Stt^Gv (1.13) 



A general introduction to chiral effective lagrangian techniques can be found in 
ll, [15], |T6[. Their extension to incorporate vector and axial- vector states is dis- 



cussed in [|T^, |1^, [T^, |20| . The derivation of the chiral effective lagrangian via direct 
bosonization methods is discussed in 0, 121 



2. Bosonization of the ECQM with auxihary fields 



Let us add auxiliary fields in the scalar and pseudoscalar channels, S, 11 = Il^r'*, 
and in the vector and axial- vector channel, W^"^^ = W^'^^^'t"', in order to bilinearize 



the lagrangian ( |1.7| ),( prBD ,( |1.12[ ) in fermion variables. We replace the four-fermion 
interaction by 



zs - 75n + li,wl+^ + \if.i,wl:,-^ 



Q ^ 



ia\2 



G 
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G 



PI 



^Gvi 



+ 



Q 



)a\ 



21 



4G 



Al 



(2.1) 



and include an integration over the real auxiliary variables S, 11", VF^^-*'', W^^"-*"- After 
integration of the fermionic degrees of freedom the auxiliary fields will, generally 
speaking, propagate. However, some redefinitions will be required. This is the reason 
for the tildes in ( p.l| ). 

The scalar block of fields in the Dirac operator ( |1 . 1| ) reads 

E = Mo + I: + ^[M + M^) + ^a,a,. (2.2) 

Likewise, we group all pseudoscalar fields in the Dirac action into the pseudoscalar 
block 

U = U + te[M^ ~M). (2.3) 

Finally, the blocks of (antihermitian) vector and axial vector fields have the following 
form 

V, = v,--zWl+\ A,= ~gAa,-^Wl~\ (2.4) 

The bosonization is completed by integration over the quark fields Q-,Q-, which 
induces the quark loop effective action Wi-ioop, in terms of the determinant of ( |1.1| ). 
This determinant must be regularized with the help of a chirally symmetric regulator 
[^ and normalized at a scale /x. The regulator suppresses frequencies above the cut- 
off A, already introduced as an arbitrary scale normalizing the four-fermion operators, 
and which is identified with the scale of chiral symmetry breaking, A = h^csB- This 
cut-off is thus physical and its removal should not be attempted. On the other 
hand, /x is the subtraction point and it is quite arbitrary. The /i dependence drops 
from observables, provided that we define the coefficients of the effective lagrangian 
(Mo, GsQ, ...) appropriately (see |I|) by introducing running couphngs. We may, as we 
did in []I|, choose the normalization /x ~ A. The parameters of the effective lagrangian 
are then defined as those at the CSB scale, which simplifies the expressions noticeably. 
In [Q a step-function was chosen as regulator. Had we used another regulator, the 
result (except for the logarithmically enhanced terms) would have been different, but 
so would the 'bare' terms in our effective action, which contain information about 
higher frequencies. The result would indeed be scheme dependent. However, since 
in practice we cannot really compute these 'bare' terms we are limited to using the 
(universal) logarithmic terms. This approximation is justified inasmuch as these 
terms are numerically dominant. 

In particular, the effective potential for a constant S field, (S) = Sq, can then 
easily be derived 

K//(So) = ^c|^(So - Mo - m,f + ^S^ (^In ^ + 1^ |, (2.5) 

revealing a non-trivial minimum given by a solution of the mass-gap equation 

A^ T? A^ 

-- (So - Mo - m,) = --JL In -2 . (2.6) 

G50 47r^ L^ 



In the weak coupling regime the solution becomes Sq — Mq + rriq with Mq ^ rriq for 
light u, d quarks. There are no corrections to this result in the large Nc limit. 



It follows from eq.(2^) that it is natural to work not with the original parameters 



GsQ, Gai, etc, but rather with 

s — tj50-'o-rj, '^p — tjpi-'o-r^! 

S^ - S^ 1 A^ 

Gy = 2Gyi/o— , Ga = 2GaiIo^, -^o = 2~2 ^'^ y^' ^'^'^^ 

The parameters defined with bars are the ones controlling the departure from the 
'natural' solution Sq = Mq. The weak coupling regime corresponds to (5 <^ 1. In [|l| 
we defined similar couplings but containing Mq rather than Eg. We have found that 
our expressions simplify when we use ( p.7|) . 

In this notation, and neglecting higher powers oirriq, the solution of the mass-gap 
eq.( |2.6| ) reads 

SoK) ^ So(o) + "^^ytW' ^°^°^ ^ ^° ^ r^' ^^■^^ 

In practice the constituent mass is large enough so that a derivative expansion 
in inverse powers of Sq makes sense. We can thus write the full quark-loop effective 
action. Retaining the logarithmically enhanced part we get 

/V A^ 



-A{A^yi:' - {A^, uy - At[D; , n] a^ s + 2za^s{A^, n} 
1 

~6 



{Fi.f + {F^uf)). (2.9) 



in terms of ( |2.2| ), (|2.3|) , and ( p.4|) . This lagrangian accumulates the one- loop quark 
effects and together with bare kinetic term for chiral fields in ( |1.8| ) and last lines 
of ( |1 . 1 1[ ) and ( p^.l| ) forms the effective meson lagrangian in the presence of external 
fields. 

3. Constant qa-, masses and coupling constants of vector fields 

Let us examine the effective lagrangian obtained after the integration of the quark 
fields in what concerns the axial-vector fields. There is a mass term 

A/: = ^tr (-L {W^~))' + [rTgAa, + m^-^f) . (3.1) 



4 \Ga 

This term can be diagonalized [0, |2^ by defining 

1 



z2gAa^ + VT^-) = i2gAa^ + ^^W^/i"^ (3-2) 



with 



9A = ^, (3.3) 



which differs from the related expression in the extended NJL model [|IU], ^ due to 
presence of a bare constant qa- 

The constant A_ and its vector counterpart A+ are determined by requiring 
the proper normalization of the kinetic term for physical vector fields VF^^^. The 
appropriate normalization constants coincide in ( p. 91) 

Al = A^_ = ^. (3.4) 

The masses of vector mesons can be evaluated in the large-log approximation from 
(P) and (iD. 

rn^ = P, (3.5) 

whereas the axial-meson mass is derived from (WA] 



m\ = 6E^li^ = 6S^^i^. (3.6) 

tJA QA - QA 

Therefore 

. m\ - 6E2 
9a = 9a 2 ■ (3-7) 

Among other characteristics of vector mesons, the coupling constants to external 
vector fields are of main importance. They are defined by the following term in the 
lagrangian 

AC = ^tr {fvW;,t^ {a^u^ + ^^R,u^) + IaWI^^ (eVe^ - i'^R.ui)) , (3.8) 

where WJ^'^ and WJ^^^ are the field strength tensors constructed with WJ^^ and W^~\ 
respectively. From the previous expression one easily obtains that 

fv = A+; fA = 9a>^- = 9Afv- (3.9) 



4. Scalar and pseudoscalar sector: mass spectrum and decay 
constants 

We begin by determining the pion decay constant which can be found by adding 
the bare pion kinetic term, ( |1.8| ), and the one obtained from the quark loop, shown 
in (13), after shifting the fields (pD 



F^ = f^ + N,J:IIo9a~9a. (4.1) 



Recalling that a^ ~ 2A^ — id^n / Fq the bare kinetic term for pseudoscalar fields is 
given by 

\r ^+ ( (f^ ~\2 , ^c-^Ofi'A/rj ff\2 2A^c-^oSo5'Arj fro ~\ 

A£ = -tr (9^7r) H ^ [o^Yl.) 0^118^7: 

4 V 9a -to / 

where we have performed a further redefinition of the VF^~^ field so as to cancel the 
W^^d^Yi mixing, which brings about another contribution to the II kinetic term. 
The pion mass is generated by the quark condensate 

C, = i{qq)euci = ( 2co + ^Sjjln ^ j = -BoF^ (4.3) 

according to the Gell-Mann-Oakes-Renner formula, m^ = 2mgi?o and the masses of 
the u, d quarks are taken equal for simplicity. The constant cq (which was named 
Ci in |1[]) is required to have a renormalization-group invariant effective potential, as 
explained in [Q. 

In the chiral limit, neglecting with the pion mass, one diagonalizes the kinetic 
term with the help of the following transformations 



where we have used the following notation: 5 = Jo/Fq. As a result the heavy 
pseudoscalar mass is 

In the massless limit one can check that heavy pseudoscalar mesons completely 
decouple from external axial fields and only the pion couples to them through the 
vertex ~ A^dpii' . For massive pions one finds in (|4.2| ) an additional mixing between 
the fields vf and 11. After a further diagonalization of the mass term (for light pions, 
to the first order in m^), 

1 1 

Tfl ~ Tfl 

7f'~7r + rfi^n; n'~ -t/i^TT + n; 



and the weak decay coupling constant for heavy 11 meson is found to be 

2 
77? 

Fn = Fodi^^y (4.7) 



The scalar mass is obtained directly from the lagrangian (|2.1| ), ( |2.9|) deriving the 
quadratic form of the fluctuation, S = Sq + a 

m^ = 2S2(i + 3). (4.8) 



The physical scalar field is given by cr = a^/NcI^. The reader can easily verify that 
all the above formulae reduce to the ones of |l|] after taking qa = Qa, i-e. Ga = C)0. 

5. Chiral symmetry restoration and Weinberg sum rules 

It was observed in [l|] that a useful way of constraining the coefficients of the 
ECQM was provided by requiring that at /i = Aqsb there is an exact match- 
ing between the effective theory and QCD (including both perturbative and non- 
perturbative contributions) in those channels which are sensitive to chiral symmetry 
breaking. The only example which was explicitly worked out in our previous work 
was the difference between scalar and pseudoscalar Green functions. In QCD this 
difference behaves as 1/p^, p^ being the squared momentum. 

Let us continue this program of exploiting the constraints based on chiral sym- 
metry restoration at QCD at high energies. For this purpose we focus on two-point 
correlators of color-singlet quark currents in Euclidean space-time 

nc(p^) = / d'^x exp{ipx) {T {qTq{x) qTq{0))), 

C = S,P,V,A- r = z, 75r», 7^^", T^Tsr". (5.1) 

In the chiral limit the scalar correlator II^ and the pseudoscalar one lip'* coincide at 
all orders in perturbation theory and also at leading order in the non-perturbative 
O.P.E.fH, H, m (see also |l], |3|, H). In fact 



Asp - 247ra,C„' - 2ABIF^, (5.2) 



where the vacuum dominance hypothesis p9|| has been applied in the large- iV^ limit 
and the round value 0^(1. 2GeV) ~ 1/3 is taken for simplicity |]2S[]. Therefore the 



difference (|5.2| ) represents a genuine order parameter of CSB in QCD. 

The same is true for the difference between the vector, Ily" and axial- vector, n^*^ 
correlators BSI, I5B|, PTI 



Av-.4 = -Kita.Cl ~ -leB^Fl (5.3) 



where we have defined in the V, A channels 

n- = {-5,y + p^pj) n-(p2). (5.4) 

On the other hand, in the large-iVc hmit all correlators are saturated by narrow 



resonances 



41 



n-(p2)-n5(p^) 
n-(p2) - n-(p2) 



E 
E 



p^ + mp, 



p^ + m 



V,n 



p2 + ml 



P + ^A,n. 



p2 



(5.5) 



As the two above differences decrease rapidly as p"^ increases, one can rightly expect 
that only the lowest lying resonances will contribute to (and hence will be sensitive 
to) the constraints from CSB restoration. 

Thus the resonances described by the ECQM; namely a scalar particle, two pseu- 
doscalar, a vector and an axial-vector ones, should provide the leading asymptotic 
terms in ( |5.2| ) and ( |5.3| ). It implies two sets of sum rules which in the vector channel 
are known as the Weinberg Sum Rules |^. In particular, in the scalar channel one 
obtains 



C8 + 



iVeEg/o 



4e2iV,S2/o 



0, 



8Gs 
Z„mt - '7 ™2 



8Gp 

y _ /I d2 I7'2 



Zum^ + Asp. 



(5.6) 

(5.7) 
(5.8) 



The first relation determines the bare chiral constant cg so that to compensate com- 
pletely the local contributions from four-fermion interaction. Two other ones reduce 
the number of independent ECQM coupling constants. 

The a and 11 masses have already been derived in the previous sections. To 
impose the chiral symmetry restoration constraints we need to know the appropriate 
residues. These can be obtained from the part of the ECQM lagrangian which couples 
scalar and pseudoscalar fields to their sources. Namely 



A£ 



2iVeS2/o^- _ 4iVJ]g/o6 ~,^, _ 25^^2^apa 



G 



-a: 



s 



Gf 



-aaS - apn^P" ^ ^-WP", 





(5.9) 



where the last line is written in terms of the physical fields, i.e. after the diagonal- 
ization (|4.4|) . We have used the following notation 



a 



2T.l^fNJ^ 
Gs 



(3^ 



BqFqGs 



VKToT.l' 



7 = 



G, 
Gf 




e. 



(5.10) 
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Comparing the above expressions to the equivalent ones without vector channels, the 
only modification consists in the replacement e — * e. Therefore all other relations 



hold as well. Namely the sum rules (|5.7|) and (5.8) lead to 



I _ "^l 



m? 



P= ] . ^Jl-Zlf- (5-11) 



1 - ^^ V '"n 



Asp V m 



The approximation made in the previous expression is justified since 



A5P 6F^ 



0.03. (5.12) 



Thus, from phenomenology |Q \/3\ < 1. The relation (|5.7| ) gives 



2ij = -pVT^^ ±6^1-/3^, (5.13) 

and, since \6\ < 1, it follows that |2e7| < 1. 

When taking into account the sum rule (|5.13|) one can express the parameter di 
in ( [4. 61) solely as a function /? 

* ^ ±^. (5.14) 

The scalar decay constant is defined through the relation 

2BoF^ = y^. (5.15) 

Therefore 

It is illustrative to compare the realization of these sum rules in the ECQM to the 
one in the usual NJL model, which contains a (light) massive scalar and a massless 
pion. In the corresponding correlators one retains only those poles and therefore the 
terms accompanying the constant Zn should be dropped. The first sum rule then 
gives Ztt = Za, i.e. the characteristic relation of the linear cr-model. The second sum 
rule contains the quantity Zt^tu'^. In the NJL model 

To derive this result the well-known expression for Fq in the NJL model has been 
used (equal to our eq. (|4.1| ) with /o = 0; ^a = 1)- Chiral symmetry restoration 
implies that ( |5.17| ) must be equal to 



^^™-^.' - ^.^ITOM- <"*' 



11 



which is obviously not the case since this would require qa — 2.5! This result is 
remarkably independent of colors, flavors and scales. 

In the vector channel one derives a similar set of sum rules 

cio = 0, (5.19) 

fWv = fWA + Fl (5.20) 

f^m'y = flm\, (5.21) 

f^mt. - flm\ ^ -ATiasCl ^ ~^BIF^, (5.22) 



Eqs.( |5.20D , ( ^.21|) are the celebrated Weinberg sum rules, while the last equation 



( |5.22|) was obtained in ^5[ (related considerations can be found also in ||37[| , [^ , p9|) . 
We have taken into account that 



tV a r2 _2 r^A A f'i ™2 



4/^,„m^,„, Z^ = AfX^mXn- (5-23) 

The first constraint fixes the bare chiral constant cio and implies the absence of 
bilinear local operators in the external fields. The sum rules ( |5.20|) , (|5.21|) determine 



the constants /v, Ja in terms of vector meson masses and Fq. Since in section 3 these 
same constants have been determined in terms of Iq and qa we conclude that 



ml 


Ga 


fl- 


F2 

-^0 


NJo 


m\ 


Gy(l + GA)' 


m\{l - gA) 


6 ' 



_ "•'V _ ^A r2 _ ^ _ ^'CU f 



2 ^ fi'A-^0 

^ mUl-9Ay 



(5.24) 

With these constants one can try to saturate the last sum rule ( p.22| ) which 
would imply 

F^mlml ~ ABlF,\ (5.25) 

failing to be satisfied for realistic vector and axial-vector meson masses and for 
Bq ~ 1.5 GeV ~ 2mv W^, H as niA ^ 4Fo. At this point the lowest-resonance 



approximation is not anymore satisfactory which reminds us about the situation of 
the NJL model in the scalar channel. Certainly higher-mass, excited vector (and 
axial- vector) resonances are needed to correct the asymptotic behavior if (|5.22|) is to 
be fulfilled. 

6. Chiral constants, fit and discussion 

We begin this section by obtaining the values of the chiral constants L5, Lg and 
LiQ. The derivation of the first two constants exactly follows the procedure outlined 
in llll. The results are 



8Bo(l + 3G. 




^SP 



GABq \m'^ m,YiJ 16 \^ m,YiJ \ ZTj{m'^ + niYi) 



(6.1) 
(6.2) 
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The term proportional to Asp is very small and, in practice, negligible 



^^-^, - -4^ < 0-03. (6.3) 



Thus one expects that 

^' > si- ("' 

Having considered the vector and axial- vector channels, we can also estimate the 
low energy limit of the difference vector and axial vector correlators and obtain in this 
way the value of the chiral constant Liq. In the chiral lagrangian, Liq parameterizes 
the operator 

-Liotr (UL^M^R^,) . (6.5) 

As cio = 0, Lio is saturated by vector and axial-vector exchange. From ( p. 81) 

1 /.2 .2\ -^0^(1 +gA) , . 



^10 4V^- '^^ Ami 



To proceed to an overall fit of the coefficients of the ECQM and in order to make 
some physical predictions, let us first specify the input parameters. As such we take 
Fo = 90 MeV, ml = 140 MeV.Thenpi pi mg{l GeV) ~ 6 MeV, 5o(l GeV) ~ 



1.5 GeV, and, besides, the phenomenological value for the heavy pion mass m,u — 
1.3 GeV [0. We also take the vector meson masses, m^v = '"^p = 770 MeV and 



m,^ = Trial — 1.1 -i- 1.2 MeV, as known parameters, though we will not be able to fit 
both of them so that to satisfy all sum rules (see discussion in previous section) . 

We start by determining the scalar meson mass based on estimates [0, |15], |16| 
for the chiral constant Lg = (0.9 ± 0.4) x 10"^ 



2 _ _2 ^ISLgmn 



mi = mfi{ ^-^ - 1)-^ ~ (900 ± 300)MeV. (6.7) 





Employing the mean value of m,„, we determine in turn jS ~ 0.71. 

As discussed, it is not reliable to use ( ^.22|) , so we will omit any further reference 
to it. As for the second Weinberg sum rule ( p.21| ), we will first assume that it holds 
(with only one resonance in each channel, that is) to find that the overall fit is only 
marginally consistent. Relaxation of the sum rule ( p.21| ) will then allow for a much 
better fit. 

We invoke eq. ( |5.24D to parameterize /q in terms of qa 



QFi 



" N,ml{l-gAy 
and eqs.( [4.8|) and ( ^.10| ) to find the dependence of Gs and Sq on qa 



(6. 



V6 BomvVl^^gA 3 6 V pmlVG J 
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With the help of these formulae one evaluates L; 
T ^0 9a 



2Bomv 



Consistency with real values of squared roots implies that 



1-^i^Jl-g^. (6.10) 



1 > fi'A > mill 



Smz I m 



2 



2Blmy \ rriYi 



0.48. (6.11) 



This is the absolute minimum of qa, provided that Asp can be safely neglected. 
This minimum value of qa is attained for ma = 1060 MeV. If we use the central 
value rria — 900 MeV one has qa > 0.60 for L5 to be real. However, the latter 
constant is bounded from the phenomenology of light pseudoscalar mesons to be 
L5 = (1.4 ±0.5) X 10^^ for sufficiently heavy scalar mesons. Always sticking ourselves 
to the central value rria ~ 900 MeV, the lower value for L5, L5 ^ 0.9x 10~^ is provided 
by Qa — 0.66 and the mean value, L5 ~ 1.4 x 10~^ is provided by qa — 0.71. 

On the other hand qa appears in the relation ( ^.24|) between the masses of 
vector and axial vector mesons, m\ = rriy/gA (that, again, assumes that the second 
Weinberg sum rule is saturated with only one resonance). Then for the allowed range 
of L5 one gets itla < 0.95 GeV. Hence, in order to be as close to the phenomenological 
value of niA = 1.1 -^ 1.2 GeV as possible we adopt the lowest possible value for qa 
compatible with the experimentally allowed range for L5 and therefore qa — 0.66 if 
nia = 900 MeV. For a heavier scalar meson with 771^ = 1060 MeV one reaches the 
lowest L5 for qa — 0.62 and predicting ttia — 1 GeV. 

A low value for qa triggers an unwanted effect, namely, the diminishing of the 
dynamical quark mass Sq as it follows from ( |6.9|) . To optimize the fit one has to 
accept larger values for qa and/or heavier masses for scalar meson. In particular, 
for the mean values of L5 and rUa, i.e. for qa — 0.71, which leads nevertheless to 
unacceptably low values for ttla, one gets Sg — 150 MeV. The dynamical quark mass 
is maximal, Sq — 190 MeV, for rrio- ~ 1.1 GeV. 

Thus we see that the extension of the ECQM to the vector and axial-vector 
channel adds very stringent constraints. While the overall fit is not bad, it is not 
brilliant either. In particular the tendency to underestimate the axial meson mass 
is evident and clearly means that, as already seen when discussing (|5.22|), with only 



one set of vector and axial vector states one cannot effectively saturate the Weinberg 
sum rule ( ^.21| ) either (see also the hints in [^). Therefore let us accept that only 



the relation (|5.20|) holds with a reasonable accuracy and the next one does not. This 
implies a modification of eq. ( ^.24|) in the following way 



^^ ml{l-g\i) 6 ' ^^ m\{l-g\iy ^ m^^ qa ^'^ ^ 
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The term a/1 — g^ in eqs. (|6l^ ),( |6.10|) should be replaced by -i/l — g\^. The parameter 



r-^ 



^ takes the value ^ ~ 2.43 for uia — 1-2 GeV. 

Let us perform an optimal fit. For rrirj ^ 1 GeV one finds (3 ~ 0.64 and Lg 
0.8 X 10^3^ For gA = 0.55 one obtains Lg = 1.2 x 10^^ ^nd Sq ~ 200 MeV. Then 
the vector and axial vector couplings are fy = 0.22 and f^ = 0.12 to be compared 
with the experimental values [Q from the decay p° —>■ e^e~, fv — 0.20 ± 0.01, and 
from the decay ai -^ n'j, /a = 0.10 ± 0.02. Then from eqs.( |3.5|) ,(p.6D and ( p.7|) one 



derives that Gy ^ 0.25, Ga ^ 0.2, gA ^ 0.66. In addition G5 ~ 0.11 from eq.Q. 
With these values, Jq — 0.1 and A ~ 1.3 GeV. Then the bare pion coupling takes the 
value /o — 62 MeV and for the rest of the parameters we find: 6 ~ 0.7, Gp ~ 0.13, 
7 ~ 0.85, and either e ^ 0.05 or e ~ —0.51. The naive QCD value e ~ 0.5 is 
disfavored. Finally, 

|rfi| = 1.2, Fn = 0.8 X lO'^F^, F^ = 1.6F^. (6.13) 

The constant Fjj has been estimated by different methods |l^, ^, ^, ^, ^) to 



correspond to \di\ = 1 ^3. But it is not yet experimentally measured. 

7. Conclusions 

1) In [0] we established that the QCD effective action that is appropriate below the 
scale of chiral symmetry breaking must contain chiral fields as well as quarks and 
gluons. The effective action must also include higher dimensional operators with 
relatively weak coupling constants and a relatively large constituent mass. In this 
paper we confirm that the optimal fit to meson physics, including vector and axial- 
vector channels, favors weakly coupled four-fermion operators, in contradistinction 
to the usual NJL model. The strength of the coupling is always referred to the 
constituent mass scale Sq. 

2) Let us summarize once more the approximations used to derive the meson char- 
acteristics. The most crucial ones are the large Nc and leading-log approximations. 
The first one is equivalent to the neglect of meson loops. The second one, in fact, 
is fully compatible with quark confinement (due to the residual gluon interactions) 
as quark-antiquark threshold contributions are suppressed in two-point functions in 
the large log approximation. Furthermore logs are universal and independent of the 
method used to separate among low and high frequencies. The accuracy of this ap- 
proximation also depends on the influence of heavy mass resonances which are not 
included into the particle content of the ECQM. One can actually improve of the 
leading-log approximation with the help of higher dimensional operators not retained 
in the ECQM lagrangian. But any extension of ECQM should be clearly accompa- 
nied with the opening of new meson channels with physical resonances of higher mass 
and spin. 
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3) In this paper we have used a more conventional |]14|, |T^, [T^ value for L5 = (1.4 ± 
0.5) X 10^^ as compared to L5 = 2.2 x 10"'^ from |^ because the latter one was 
obtained in the assumption of a very light scalar meson. However our analysis has 
made evident that the low-mass scalar quarkonium bound state should be quite 
heavy {rricr ~ 1 GeV). Yet it may not be the lightest state as another scalar meson 
supposedly exists as a tttt scattering state ^^ with a mass of order 500 — 600 MeV. 



4) The final estimates for effective coupling constants in the scalar and pseudoscalar 
channels are shown to be weakly dependent on the presence of vector mesons and 
roughly coincide to those ones in |jl[. In particular, the dominance of two (or the 
second) mass terms in (11) is again proven. 

5) The set of CSR constraints predicts unambiguously the value of axial quark cou- 
pling to pions quite a different from unity. It may be close to 0.5 conjectured in ^6 



but it seems to be unlikely that it reaches this value due to its being bounded from 
below because of L5. 

6) The predictivity of the ECQM is substantially provided by the CSR constraints, 
now enlarged with the Weinberg sum rules. However only the first of them is well 
compatible with the particle content of ECQM while the second and the third ones 
need at least one more heavy resonance. 

7) For completeness we clarify in more detail the consistency of the full set of vector- 
channel sum rules ( ^.20D -( ^.22D in the system with two vector and one axial- vector 



resonances. This case was firstly analyzed in [^ . A reasonable precision is provided 
by the fit 

rup = 770MeV, m„i = 1170MeV, rup, = 1420MeV, 

/p = 0.18, /ai = 0.11, /p' = 0.05, (7.1) 



to be compared to the experimental data |3J] and some phenomenological estimations 



44 



rup = 770MeV, m^i = (1230 ± 40)MeV, m^/ = (1465 ± 25)MeV, 

/p = 0.20 ±0.01, /ai= 0.10 ±0.02, (7.2) 

as to the value of fp' it has not been yet measured. We consider this precision 
to be excellent for the leading large-A'"c approximation (i.e. without any unitarity 
corrections) and from this we conclude that the second Weinberg sum rule and the 
last one ( p.22| ) indeed should be applied only to the three-resonance system. 
8) By adding two more parameters {Ga and Gy) we have been able to predict a 
large number of physical parameters in addition to those already determined in [||], 
such as /a, fvi f^Ai t^Vi -^10 and, in particular, we get a very clear handle on qa- 
Perhaps more importantly, the ECQM appears to be very robust and allows for this 
extension without any problems. 
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